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CURVATURE 



M. KERIN 

Abstract. As a means to better understanding manifolds with positive 
curvature, there has been much recent interest in the study of non- 
negatively curved manifolds which contain a point at which all 2-planes 
have positive curvature. We show that there are generalisations of the 
well-known Eschenburg spaces together with quotients of S 7 x S 7 which 
admit metrics with this property. 



It is an unfortunate fact that for a simply connected manifold which ad- 
mits a metric of non-negative curvature there are no known obstructions to 
admitting positive curvature. While there exist many examples of manifolds 
with non-negative curvature, the known examples with positive curvature 
are very sparse (see ]Z]| for a comprehensive survey of both situations). 
Other than the rank-one symmetric spaces there are isolated examples in 
dimensions 6,7,12,13 and 24 due to Wallach [|Waf and Berger [BerJ, and 



two infinite families, one in dimension 7 (Eschenburg spaces; see [AW], [El], 



]E2|) and the other in dimension 13 (Bazaikin spaces; see ]Ba|). In recent 



developments, two distinct metrics with positive curvature on a particu- 
lar cohomogeneity-one manifold have been proposed (]GVZ|, Q), while in 



[ pW2[ the authors aropose that the Gromoll-Meyer exotic 7-sphere admits 



positive curvature, which would be the first exotic sphere known to exhibit 
this property. 

In this paper we are interested in the study of manifolds which lie "be- 
tween" those with non-negative and those with positive sectional curvature. 
It is hoped that the study of such manifolds will yield a better understanding 
of the differences between these two classes. 

Recall that a Riemannian manifold (M, ( , )) is said to have quasi-positive 
curvature (resp. almost positive curvature) if (M, ( , )) has non-negative 
sectional curvature and there is a point (resp. an open dense set of points) 
at which all 2-planes have positive sectional curvature. 

Our main result is: 

Theorem A. 

(i) Let Lp^ q C U(n + 1) x U(n + 1), n> 2, be defined by 

L m = {(diag(z p \ . . . ,z Pn+1 ),di&g(z gi ,z g2 ,A)) | z G S 1 , A G U(n - 1)}, 
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(ii) 



(iii) 



where p 1 ,...,p n+1 ,qi,q 2 € Z. 

// the action is free then the biquotient E 4 ^ 1 = U(n + l)//L P) g 
admits a metric with quasi-positive curvature whenever there exists 
l<i<j<n+l such that 

Pi^Pj and Pi+ Pj ^ {2q 1 ,2q 2 ,qi + q 2 }- 

There exists a free circle action on S x S 7 such that the quotient 
M 13 = S 1 \(S 7 x S 7 ) admits a metric with quasi-positive curvature. 
Furthermore, M 13 and CP 3 x S 7 has the same integral cohomology 
but are not homeomorphic. 

There exists a free S 3 -action on S 7 x S 7 such that the quotient 
N 11 = S 3 \(S 7 x S 7 ) admits a metric with quasi-positive curvature. 
Furthermore, N 11 and S 4 x S 7 have the same integral cohomology 
but are not homeomorphic. 



One of the original motivations for studying manifolds with quasi-positive 
curvature was the Deformation Conjecture, which stated that if (M, ( , )) 
is a complete Riemannian manifold with quasi-positive curvature, then M 



admits a metric with positive curvature. Wilking [Wi] provided counter- 
examples when he showed that there are odd-dimensional, non-orientable 
manifolds which admit almost positive curvature. By Synge's Theorem 
such manifolds cannot admit positive curvature. However, all of Wilking's 
counter-examples have non-trivial fundamental group. Therefore it is still 
possible that the Deformation Conjecture holds for simply connected mani- 
folds. Moreover, in [PW1] the authors ask whether a weaker version of the 
Deformation Conjecture is true, namely whether quasi-positive curvature be 
deformed to almost positive curvature. 

Other than the Gromoll-Meyer exotic 7-sphere (pM|, |WJ, pK| , |PW2| |), 
the only other previously known examples of manifolds with almost positive 



or quasi-positive curvature are given in | PW1 |, flWfl , [ Tal |, and Ke2 |. 

In addition to his other examples, Wilking |Wi[| has also shown that the 
homogeneous spaces M^™ -1 = U(n + 1)/Hk£ admit metrics with almost 
positive curvature, where k, £ G Z, k£ < 0, n > 2, and 



H k/ = {diag(z k ,z e ,A) | zeS\AeU(n-l)}, 



Tapp |Tal] subsequently showed that all M^f = U(n + 1)/H k/ with k, I G 
Z, (k,£) / (0,0), admit quasi-positive curvature. 

Furthermore, with these examples Wilking has shown that there are in- 
finitely many homotopy types of simply connected manifolds within each 
dimension 4n — 1 which admit almost positive curvature. When n = 2 



rAn- 

L k,e 



are the 7-dimensional Aloff- 



the homogeneous spaces described by M k 

Wallach spaces, e , [ AW ]. Recall that the Aloff-Wallach space W£ e admits 
a homogeneous metric with positive curvature if and only if kl(k + £) ^ 0. 
There is thus a unique Aloff-Wallach space, namely W]_\ i, which admits 
almost positive curvature but is not known to admit positive curvature. 
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The biquotients E^ ri q in Theorem A[i] should be thought of as gener- 



alisations of the Eschenburg spaces, which arise when n = 2. In [El] it 



is shown that infinitely many Eschenburg spaces admit positive curvature, 



while in | Ke2 ] it is shown that all Eschenburg spaces admit a metric with 
quasi-positive curvature. From our previous remarks on Wilking's work we 
see that there are infinitely many homotopy types of generalised Eschenburg 
spaces Ep U ~ l for a fixed dimension 4n — 1. 

The paper is organised as follows. In Section |l] we review some notation 
and geometric techniques for biquotients. In Section ^ we review some facts 
about the Cayley numbers and the exceptional Lie group G 2 . In Section || 
we describe the manifolds M 13 and N 11 of Theorem |A| a s biquotients. We 



prove the curvature statements of Theorem [A [nj and (iii) in Section ||, while 



proof of the topological statements is postponed until Section |(| Section 
is devoted to establishing Theorem [A (I). 
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proofs of Lemma 3.1 and Theorem 



1. BlQUOTIENT ACTIONS AND METRICS 

In his Habilitation, |E1| , '84], Eschenburg studied biquotients in great 



detail. The following section provides a review of the material in El ] 
and establishes the basic language, notation and results which will be used 
throughout the remainder of the paper. 

Let G be a compact Lie group, U C G x G a closed subgroup, and let U 
act on G via 

(ui,u 2 ) *g = uiguz \ g e G,(u 1 ,u 2 ) e U. 

The action is free if and only if, for all non-trivial (ui,u 2 ) £ U, ui is never 
conjugate to u 2 in G. The resulting manifold is called a biquotient. 

Let K C G be a closed subgroup, ( , ) be a left-invariant, right ET-invariant 
metric on G, and UcGxKcGxG act freely on G as above. Let g G G. 
Define 

u l '■= {(9Uig~ 1 ,u 2 ) I (ui,u 2 ) € U}. 

Since U acts freely on G, so too does U[, and G//U is isometric to G//U 9 L . 
This follows from the fact that left-translation L g : G — * G is an isometry 
which satisfies guig~ 1 (L g g')u2 1 = Lg^ig'u^ 1 ). Therefore L g induces an 
isometry of the orbit spaces G//U and G//U 9 L . 

Consider a Riemannian submersion tt : M n — ► N n ~ k . By O'Neill's for- 
mula for Riemannian submersions, it is curvature non-decreasing. Therefore 
sec/tf > implies sec at > 0, and zero-curvature planes on N lift to horizontal 
zero-curvature planes on M. Because of the Lie bracket term in the O'Neill 
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formula the converse is not true in general, namely horizontal zero-curvature 
planes in M cannot be expected to project to zero-curvature planes on N. 

Let K C G be Lie groups, ! C g the corresponding Lie algebras, and ( , ) 
a non-negatively curved left-invariant metric on G which is right-invariant 
under K. We can write = t © p with respect to ( , ). Given X £ g we will 
always use Xe and X p to denote the t and p components of X respectively. 

Recall that 

G = (G x K)/AK 

via (g,k) i — ► gk~ l , where AK is the free, isometric, diagonal action of K 
on the right of G X K. Notice that the restriction of ( , ) to K is bi-invariant. 
Thus we may define a new left-invariant, right X-invariant metric ( , )i (with 
sec > 0) on G via the Riemannian submersion 

(GxK,(,)et(,)\ t ) — > (G,(,)i) 

(ffj fe) 1 — ► gk" 1 , 

where t > and 

(x,y) 1 = (x,d>(y)), (i.i) 

where $(Y) = Yp + AYj, A = £ (0, 1). Furthermore, it is clear that the 
metric tensor <& is invertible with inverse described by *~ 1 (y) = Y p + ±F e . 

Suppose it = Span{$ _1 (X), $ _1 (Y)} C g is a zero-curvature plane with 
respect to the metric ( , )i, i.e. seci (a) = 0. By the O'Neill formula a must 
therefore lift to a horizontal zero-curvature plane a C © t with respect to 
(( , )). It is easy to check that the horizontal lift of a vector <I> _1 (X) £ to 
© 6 is given by (X, — jX$). Then clearly 

a = Span j (x, , (V, -jY t 

But, since (( , )) is a non-negatively curved product metric, it follows imme- 
diately by considering the unnormalised curvature that a has zero-curvature 
if and only if [Xj, Yj] = and the plane Span{X, Y} C has zero-curvature 
with respect to the original metric ( , ), i.e. sec(X,Y) = 0. 

From | [Ta2 |, which generalizes similar results in |E1| | and [Wi], we know 



that if ( , ) is induced by a Riemannian submersion to G from a bi-invariant 
metric on some Lie group L, then in fact seci(a) = if and only if sec(er) = 
with respect to (( , )), i.e. if and only if sec(X,Y) = and [X^, Yj] = 0. We 
will always be in this situation as throughout the paper we will use only the 



metrics described in Examples yy and (b] below 



Example (a). Suppose that (G,K) is a symmetric pair and that the initial 
metric ( , ) = ( , )o is a bi-invariant metric on G. As in ( |l.l[) , equip G with 
a new metric 

(X,Y) 1 = (X,<D 1 (Y)) , (1.2) 

where = t © p with respect to ( , ) and <f>i(Y) = Y p + \{Yi. Then 
a = Span{$]~ 1 (X), $]~ 1 (Y)} C has zero-curvature with respect to ( , )i, 
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i.e. seci(cr) = , if and only if 

= [X,Y] = [X h Y t ] = [X p ,Y p ]. (1.3) 

The proof of this follows immediately from our previous discussion together 
with the fact that [p,p] C 6 whenever (G,K) is a symmetric pair. 

Example (b). Let G D K D H be a chain of subgroups and suppose that 
both (G, K) and (K, H) are symmetric pairs. Let q = t © p and t = f) © 
m be the corresponding orthogonal decompositions with respect to the bi- 
invariant metric ( , )o on G. Start with the metric (,) = (, )i defined 
by Example |{aj. Now define the metric ( , ) 2 on G as in ( |1.1|) , where if is 
replaced by H, s > takes the role of t, and ^ replaces <£: 

(X,Y) 2 = (X,*(Y))i (1-4) 
= (X,$ 2 (y)) (1.5) 

with $ 2 (y) = y p + Aiy m + AiA 2 y„, a 2 = ^ and *(y) = $r/ 1$ 200 = 
y P + y m + A 2 y,. 

Let cr = Span{\I' _1 (X), x I'~ 1 (y)} C g. Then, by our discussion prior to 



Example |(a)| , sec 2 (<r) = if and only if sec\(X, Y) = and [X^, Yj,] = 0. By 
again considering horizontal lifts it is not difficult to check that seci(X, Y) = 
if and only if conditions ( |1.3| ) hold as for seci (^ 1 {X),^ 1 (Y)) = 0. Hence 
sec 2 (a) = if and only if 

o = [x, y] = [x h Y t ] = [x p , y p ] = [x m , y m ] = [x h , y,], (1.6) 

where we have used the fact that [m, m] C f) since (K, H) is a symmetric 
pair. 

Now that we have described how to induce new metrics on G from old 
ones and derived zero-curvature conditions for these metrics, we proceed 
to consider biquotients G//U. Let AG = {(g,g) \ g £ G}. Then, if the 
two-sided action of U on G is free, AG x U acts freely on G x G via 

((g,g), {u\,u 2 )) * (51,52) = (ggiui 1 ,gg 2 u 2 - 1 ), (1.7) 

with (g,g) G AG, (m,n 2 ) € U, (gi,g 2 ) € G x G, and there is a canonical 
diffeomorphism 

AG\(G x G)/U = G//U (1.8) 

induced by the map 

G x G — > G 

(51,52) 1 — > gi 1 g2- 

Let K\ and K 2 be arbitrary subgroups of G. We define left-invariant metrics, 
( , )k 1 and ( , )k2i on G as i n Ql-lQ - Equip G x G with a left-invariant, right 
(ifl x K 2 )-invariant product metric ((,)) = (, © ( , )k 2 - ^ U C K±x K 2 
then the AG x U action is by isometries and (( , )) induces a metric on G//U. 
Our goal is to determine when a plane tangent to G//U has zero-curvature 
with respect to this induced metric. 
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By ( |1.8| ) and our choice of metric, the quotient map (G xG,(( , ))) — > 
G//U is a Riemannian submersion. O'Neill's formula implies that a zero- 
curvature plane tangent to G//U must lift to a horizontal zero-curvature 
plane with respect to (( , )). As in the case of metrics on G, if (( , )) is 
induced from a bi- invariant metric on some Lie group L, then Ta2fl implies 



that horizontal zero-curvature planes with respect to (( , )) must project to 
zero-curvature planes in G//U. For our purposes this will always be true 
since we will consider only metrics as in Examples [a] and (b). 



We must determine what it means for a plane to be horizontal with respect 
to (( , )) and the AG x U action. Since each AG x U orbit passes through 
some point of the form (g, e) G G x G, where e is the identity element of G, 
we may restrict our attention to such points. 

Recall that (( , )) is left-invariant. Therefore, letting u denote the Lie 
algebra of U, the vertical subspace at (<?, e) G G x G is given by 

V g = { (Ad fl -i X-Y 1 ,X-Y 2 ) \ X eg, (Y U Y 2 ) G u} 

after left-translation to (e, e) G G x G. Note that this is independent of the 
choice of left-invariant metric on G x G. 

Thus, with respect to (( , )), the horizontal subspace at (g,e) is 

H g = {(^(-Adg-i X),n 2 1 (X)) | (X,Ad g Y 1 -Y 2 } = V (Y U Y 2 ) e u} 

(1.9) 

where £l\ and are the metric tensors relating the left-invariant metrics 
( , )k 1 and ( , )k 1 respectively to a fixed bi-invariant metric ( , )o on G, 
i.e. (X,Y)k { = (X,£li(Y))Q, i = 1,2. We recall that the metric tensors in 



Examples (a) and |(b)| are given by <3?i and <3?2 respectively, as shown in (|1.2| ) 
and flOD . 

In particular, Ql.9] ) shows that a horizontal 2-plane a in (G x G, (( , ))) 
must project to a 2-plane on each factor, denoted by <j\ and a 2 respectively. 
Moreover, since (( , )) is a product metric, sec(a) = if and only if seci(<7j) = 
0, i = 1,2. Thus, for product metrics involving the metrics described by 



Examples (a) and [b), we may apply conditions (|1.3|) and (|1.6[) respectively 



in order to determine when a horizontal plane a has zero-curvature. 



2. The Cayley numbers, G 2 and its Lie algebra 

We recall without proof some well known facts about Cayley numbers, 
the Lie group G 2 and its Lie algebra. More details may be found in [ GWZ ] 
and jMf. 

We may write the Cayley numbers as Ca = H + Ml. Thus we have a 
natural orthonormal basis 

{e = 1, ei = i, e 2 = j, e 3 = k, e 4 = e 5 = e 6 = j£, e 7 = A;£} 

for Ca. Note that this description of Ca differs slightly from that given in 
@ , and accounts for the difference which occurs in the description of the 
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Lie algebra 02 in Theorem 2.2. Multiplication in Ca is non- associative and 
defined via 



(a + b£) (c + d£) = (ac - db) + (da + bc)£, a, b,c,d<E 



(2.1) 



Hence we have the following multiplication table, where the order of multi- 
plication is given by (row)* (column): 





ei = i 


d2 = j 


e 3 = k 


e A = £ 


e 5 = i£ 


ee = j£ 


e 7 = hi 


ei = i 


-1 


k 


-j 


i£ 


-£ 


-hi 


Jt 


d2 = i 


—k 


-1 


i 


j£ 


k£ 


-£ 


-i£ 


e 3 = k 


j 


— i 


-1 


k£ 


-jt 


it 


-£ 


e 4 = t 


-it 


-j£ 


—k£ 


-1 


i 


j 


k 


&5 = it 


£ 


-ki 


jt 


— i 


-1 


-k 


j 


ee = jt 


k£ 


£ 


-%£ 


-j 


k 


-1 


—i 


e 7 = ki 


-jt 


it 


£ 


-k 


-j 


i 


-1 



Table 1. Multiplication table for Ca 



Recall that the Lie group G2 is the automorphism group of Ca = R . In 
fact G2 is a connected subgroup of SO (7) C 50(8), where 50(8) acts on 
Ca = M 8 by orthogonal transformations and 50(7) is that subgroup con- 
sisting of elements which leave bq = 1 fixed. 50(8) also contains two copies 
of Spin(7) which are not conjugate in 50(8), and G2 is the intersection of 
these two subgroups. 

it is useful 



111 



As our eventual goal is to prove Theorem A(ii) and 
to recall the fact that G2 appears in the descriptions of some interesting 
homogeneous spaces. The following statements are well-known and follow 
from applications of the triality principle for 50(8). More details may be 
found in, for example, |M|], 0, p. 93]. 

Theorem 2.1. 

(i) Spin(7)/G2 = S 7 , which inherits positive curvature from the bi- 
invariant metric on Spin(7); 

(ii) Spin(8)/G 2 = S 7 x S 7 and 50(8)/G 2 = (5 7 x S 7 )/Z 2 , where Z 2 = 
{±id}; 

(iii) G 2 /5£/(3) = 5 6 . 

We now turn our attention to the Lie algebra of G 2 . The proof of the 
following theorem follows exactly as in 0] except that we use the basis and 
multiplication conventions for Ca as in Table ||. Recall that so (re) = {^4 G 
M n (R) I A* = -A}. 
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Theorem 2.2. The Lie algebra of G2, denoted by Q2, consists of matrices 



A = (aij) € so (7) which satisfy aij + a 



and 



023 + a 45 + «76 


= 


a\2 + «47 + «65 


= 


Ol3 + «64 + «75 


= 


ai4 + 072 + 036 


= 


Ol5 + 026 + «37 


= 


Ol6 + «52 + «43 


= 


an + a 2 4 + a 53 


= 0. 



Hence Q2 C so (7) is 14- dimensional and consists of matrices of the form 



( 





Xl + x 2 


2/1 +2/2 


£3 + £4 


2/3 + 2/4 


x 5 + x 6 


2/5 + 2/6 \ 




-(21 + x 2 ) 





°i 


-2/5 


^5 


-2/3 


£3 




-(2/1 + 2/2) 


— a\ 





x 6 


2/6 


— X4 


-2/4 




-(x 3 + x 4 ) 


2/5 


-x 6 





Q'2 


2/1 






-(2/3 + 2/4) 


-X5 


-2/6 


— «2 







2/2 




-(x 5 + x 6 ) 


2/3 


X4 


-2/1 


-a^2 





a?i + 02 


[ 


-(2/5 + ye) 


-2:3 


2/4 


•Z'l 


-2/2 


— («! + 02) 


° y 



(2.2) 

Recall that G2 is a rank 2 Lie group. Therefore an examination of the 
elements (|2.2| ) of 02 reveals that the maximal torus of G2 is given by 



r/ 1 



R(8) 



R(<p) 



\ 



R(8 + <p)J 



R(8) 



COS ( 

sin( 



— sin I 

cos 8 



(2.3) 



3. Free isometric actions on 50(8) 
Consider the rank one symmetric pair (G,K) = (SO (8), 50(7)) where 

50(7) ^ 50(8) 

A ■ A 



with Lie algebras g, t respectively. Let {X, Y)q = — tr(XY) be a bi-invariant 
metric on G. With respect to ( , )o we thus have g = p © t. As in (|1.2[) we 
define a left-invariant, right X-invariant metric ( , )i on G by 

(X,Y) 1 = (X,*i{Y)) , (3.1) 

where $i(Y) = Y p + XiY t , Ai G (0,1). Recall that from Example 
know that a plane 

a = Span{^ 1 (X),^ 1 (Y)} C Q 



we 
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me) 



R{9) 



cos f — sin ( 
sin 9 cos 9 



has zero-curvature with respect to ( , ) i if and only if 

= [X,Y) = [X p ,Y p ] = [X h Y t \. (3.2) 

We now equip G x G with the product metric ( , )i © ( , )i- 

Consider an isometric action of U := 5 1 x G2 C K x K on 50(8) defined 

by 

A\ — >R{6)-A-g- 1 , (3.3) 
where A £ SO(8), g £ G 2 , and 

/ -^2x2 \ 

R(piO) 

R( P2 9) 

V R(ps0) ) 

(3.4) 

From ( fL8] ) we know that AG\G x G/C7 = G/£/ whenever the biquotient 
action of U on G is free. 

Lemma 3.1. AO x U acts freely and isometrically on (G x G, ( , )i © ( , )i) 
if and only if (pi,P2,P3) is equal to (0,0,1) (up to sign and permutations of 
the pi). 

Proof. Recall that conjugation of either factor of U by elements of G is a 
diffeomorphism, and that a biquotient action is free if and only if non-trivial 
elements in each factor are never conjugate to one another in G. Thus we 
need only show that non-trivial elements of 5 1 and T 2 are never conjugate 
in G if and only if (pi,P2,P3) = (0, 0, 1) up to sign and permutations of the 
P i, where T 2 is the maximal torus of G2 described in (2.3). This amounts 
to investigating when the sets of 2 x 2 blocks on each side are equal up 
to conjugation by an element of the Weyl group of 50(8). We recall that 
the Weyl group of 50 (2n) acts via permutations of the 2x2 blocks and 
changing an even number of signs, where by a change of sign we mean 
R{9) 1 — ► R(—6). A simple calculation then yields the result. □ 

Note that there are many other free 5 1 x G2 actions on G. For example, 
there is a free 5 1 action on the left of G/G2 by matrices of the form 

/ R(P) \ 
R(0) 

R(0) 

R(k9) ) 



\ 



(3.5) 



is 



where (k,3) = 1. However, it is clear that only the action in Lemma 3.1 
isometric with respect to the metric ( , )i © ( , )i on G x G. 

It follows immediately from the long exact homotopy sequence for fibra- 
tions that a biquotient 5pin(8)/(5 1 x G2) = 5 1 \(5 7 x 5 7 ) must be simply 
connected. By the lifting criterion for covering spaces the action by U on 
50(8) described above lifts to some action by 5 1 x G2 on Spin(8). There- 



fore, together with Theorem 2.1, one might expect that the resulting simply 
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connected biquotient Spin(8)//(S 1 x Gz) = S 1 \(S 7 x 5 7 ) is a non-trivial 
finite cover of SO(8)//(S 1 x G2). In fact the lemma below will demonstrate 
that this covering map is a diffeomorphism. 

Lemma 3.2. M 13 := SO(8)//(S 1 x G2) is simply connected and hence a 
quotient of S 7 x S 7 by an 5 1 action. 

Proof. Consider a general embedding 

5j 50(8) 

/ R( gi d) \ 



R{9) 



R{q 2 ff) 

R(q 3 d) 

V #M) J 



where q = (qi,q2,Q3,Qi) £ Z 4 , where R(u) £ 50(2). The long exact ho- 
motopy sequence for the fibration 5 1 x G2 — ► 50(8) — ► 50(8)/5 1 x G2 
yields 

■ • • ► 7r l(5g X G2) = Z > 7Tl(50(8)) = Z2 > TT\(S0(8) // Sq x G2) — > 0. 

Thus to obtain the desired result we need only show that the map Z — > Z2 
is surjective. 

Recall that the homomorphism t* : 7Ti(5g) — > 7Ti(50(n)) is determined 
by the weights q = (q%, ... , g m ), m = [§J , of the embedding, namely = 
5^ gi mod 2. Therefore is onto exactly when 1i ^ s odd. In our case we 
have q = (0, 0, 0, 1), and so t* is a surjection. □ 



Notice that the action of U on 50(8) given in Lemma 3.1 may be en- 
larged to an isometric action by 50(3) x G2, and the resulting biquotient 
we call iV 11 . Now recall that for all n we have a 2-fold cover Spin(n) — ► 
SO(n) with iri(Spin(n)) = and iri(SO(n)) = Z2. Thus, by the lifting 
criterion for covering spaces, the inclusion 50(3) 50(8) must lift to 
Spin(3) = 5 3 > Spin(8). As in the case of U = 5 1 x G2 above we show 
that iV 11 = SO(8)//(SO(3) x G2) is simply connected and hence diffeomor- 
phic to Spin(8)//S 3 x G 2 = 5 3 \(5 7 x 5 7 ). 

Lemma 3.3. iV 11 = SO(8) //(SO(3) x G2) is simply connected and hence a 
quotient of 5 x 5 by an 5 3 action. 

Proof. Consider the chain of embeddings i o j : 5 1 = 50(2) =— > 50(3) > 
50 (8) given by enlarging 5 1 above to an 50(3) in 50(8). We thus have 
an induced homomorphism on fundamental groups (i o j)* = i# o j # : Z — ► 
Z2 — > Z2. But and (i o j)* are simply the homomorphism from 
Lemma^. Hence i*(l) = 1 mod 2 and (zoj)„,(l) = 1 mod 2. This implies 
= 1 mod 2 and therefore is a surjection. An examination of the long 
exact homotopy sequence of the fibration 50(3) x G2 — ► 50(8) — ► A^ 11 
yields the result. □ 
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4. QUASI-POSITIVE CURVATURE OF M 13 AND iV 11 



Given Lemma |3.2| we are now in a position to perform the curvature 
computations for the circle quotient of 5 7 x 5 7 mentioned in Theorem [A|, 
namely 

M 13 = 50(8)//(5 1 x G 2 ) = G//U, 
where 5 1 is the circle giving a free isometric action U as in Lemma 3.1. 

Consider the inclusions G = 50(8) D K = SO (7) D G 2 . With respect to 
the bi-invariant metric (X, Y)q = — ti(XY) on G we have 



where 







pet, 


and t 




f 


( ° 


w 


P = < 













V 





m f 



02, 



w G 



(4.1) 



and, by fl2. 



m 

































Vl 




^3 


u 4 




^6 





-v\ 





V 7 


V6 




V4 


-U 3 





-v 2 


-v 7 





~V5 


-«6 


V 3 


Vi 





-v 3 


-v e 


V5 





v 7 


-v 2 


Vl 





-V4 


V5 


V6 


-«7 





-Vl 


—v 2 







-V4 


-V 3 









-v 7 





-v G 


V3 


-«4 


-Vl 


u 2 


v 7 






Vi G 



(4.2) 



Let J7 = 5 1 x O2 C K x K be as in Lemma 3A. Thus, equipping G x G 
with the product metric ( , )i © ( , )i as before, we may induce a metric on 
G//U via the diffeomorphism 

AG\G x G/U — > G//U. 

As discussed in Section |], we may restrict our attention to points of the 
form (A, I) £ G x G. Let s C g denote the Lie algebra of the 5 1 factor of 
U. By Q1.9D the horizontal subspace at (A, I) with respect to ( , )i © ( , )i 
is given by 

H A = {(-$T 1 {Ad A tW),$i 1 (W)) I W S2 = 0,(W,Ad A @)o = 0,V 6 e s}. 

Suppose that a =C g ffi g is a horizontal zero-curvature plane at (A, I) £ 
G x G. Since we have equipped G x G with the product metric ( , )i ffi ( , )i, 
our discussion in Section |l| shows that a must project to zero-curvature 
planes <7j, i = 1,2, on each factor. 

Lemma 4.1. Suppose 

a = S P an{(-cI> r 1 (Ad At X), ^(X)), (-<S>7 l (Ad A t Y) , &7 1 (Y))} 

is a horizontal zero- curvature plane at (A, I) £ G x G. Then it may be 
assumed without loss of generality that X G p and Y G m. 
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Proof. As Gi is a zero-curvature plane, X, Y must hence satisfy the con- 
ditions in ( |3.2| ). [X p ,Yp] = implies that, since (G,K) is a rank one 
symmetric pair, we may assume Yp = without loss of generality. Hence 
X E p m, Y E m, since X g2 = Y g2 = 0. Now = [X t , Y t ] if and only 
if = [Xxa, Irn]. But Theorem 2.1(1) tells us that the bi-invariant metric 
on Spin(7) induces positive curvature on Spin(7)/G2 = S 7 , so there are 
no independent commuting vectors in m. Then, without loss of generality, 
X£p,Y£m. □ 

Thus we have 





( 


w \ 




(° 






X = 


\ 




J 


GP, Y = 





(%) 

/ 


E m 



and [X, Y] = 0, where u; = (w\, . . . , 107) E K and (7;^) = (ujj \ 2 < i,j < 8). 

Again applying the conditions in ( |3.2| ) we see that <7i has zero curvature 
if and only if [(Ad^t A) p , (Ad^t Y)p] = 0, since 

[Ad A t X, Ad A t Y] = Ad A t([X, Y]) = 0. 

But (G, K) is a rank one symmetric pair and thus a\ has zero curvature if 
and only if (Ad^t X)p, (Ad^t Y)p are linearly dependent. Since an element 
of p is determined by its first row, for A = (flij) E 50(8) we have 



(Ad Ai X) p 
and 

(Ad A t Y) p 



hl=l 



8 

1=2 



^ akiUkeaej = o>ki v M a lji 



ki=i 



kl=2 



If we assume that 



A 



fR{9) 

\ ^6x6 



nir 



eso(8), o^-—,v 



then 

(Ad A t X)p 
and 

(Ad At Y) p 



(0, wi , W2 cos 9, W3 cos 9, W4 cos 9, W5 cos 9, w§ cos 9, wj cos 1 



(0, 0, V\ sin#, ^2 sin 0, V3 sin 9, V4 sin9, v§ sin9, vq sin 6). 

Now (Ad^t X)p, (Ad^t Y)p are linearly dependent if and only if either 

(Ad A * X) p = or (Ad A t Y) p = or (Ad A t X) p = s(Ad A t Y) p , 

for some s E K — {0}. 

Suppose (Ad A t X)p = 0. Then w\ = and uij cos 9 = 0, j = 2, . . . ,7. But 



9 ^ hence iWj = for all j and so A 
impossible. 



X p = 0. Thus (Ad A t X)p = is 
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Suppose now that (Ad^t X)p = s(Ad^t Y) p , some s G M — {0}. Then w\ = 



and = s Vj-i ta,n6, 2 < j < 7. However, [X, Y] = implies that 

7 

-l 



3=2 



0. 



Since s / and 6 ^ we have a contradiction. 

Finally consider (Ad A t F) p = 0. 6* ^ ™ implies that vj = 0, 1 < j < 6, 
and so 



/ 



y = y m 



\ 



v 7 
-v 7 





-U7 



v 7 




V 





u 7 



-v 7 
/ 



Recall that (Y, Ad a 0}o = for all G s. But Ad^ = since A commutes 
with S . Hence we must have v 7 = 0, i.e. Y = 0. Therefore (Ad^t Y) p = 
is impossible. 

We have shown that there are no horizontal zero-curvature planes at 
(A, I), and therefore have proved that the image of (A, I) in G//U is a 
point of positive curvature. We have proved the curvature part of Theorem 



A 



Since extending the U action to an action by SO (3) x G2 increases the 
number of conditions which must be satisfied in order for a zero-curvature 
plane to be horizontal, Theorem A(iii) follows immediately. 



5. Generalised Eschenburg spaces 

Consider the rank one symmetric pairs (G,K) = (U(n + l),U(l)U(n)) 
and (K, H) = (U(l)U(n), U(l)U(l)U(n - 1)) where n > 2, 



K ^ G 

z 

A 



(z,A) 1 — * [ Z . ), z€U(l),AeU(n) 



and 

H w K 

(z,w,B) .— > (z,( W B )). z.,reU(\.).B£Uin-L). 



Let g, 6 and f) be the Lie algebras of G, K and H respectively. Let (X, Y)o = 
— Re tr(.Xy) be a bi-invariant metric on G. With respect to ( , )o we thus 
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have the orthogonal decompositions g = p © 6 and t = m f), where 

6 C n > and 







f 








( x * \ 


p = < 




X 







X = 




1. 


K 


J 









r / o 



m 



y 



\ 



o 



/ 




■<n— 1 



> . 



As in Examples [a] and (b) we define a left-invariant, right K- invariant 
metric ( , )i on G by 

(x J y) 1 = (x,* 1 (y)) , (5.i) 

where $i(y) = Yp + AiYe, X\ G (0, 1), and a left-invariant, right //-invariant 
metric ( , (2 on G via 

(x, y> 2 = (x, *(y)>! = (x, <D 2 (y)) (5.2) 

where $ 2 (y) = y p + A x y m + AiA 2 y 6 , A 2 e (0, 1), and tt(y) = $r 1$ 2(y) = 

y P + y m + A 2 y„. 

Equip G x G with the left-invariant, right (X x i/)-invariant product 
metric ( , )i © ( , ) 2 . 

Consider the subgroup L Pj(? C K x H defined by 

L m = {(diag(^\ . . . , z Pn+1 ), diag(^ 91 , z q2 , A)) \ z e S 1 , A e U(n - 1)}, 
where pi, ■ ■ ■ ,p n +i, Qi, 02 S Z. L PiQ acts on G via 
G — > G 

B i — ► diag(z Pl ,...,z p "+ 1 )Sdiag(z 9l ,z 92 ,^ 1 ), 

where z € i/(l) and A € U(n— 1). It is not difficult to show that this action 
is free if and only if 

(P<r(i) - <H,P*(2) ~ Q2) = 1 for all cr 6 5 n+ i. (5.3) 

We denote the resulting biquotients G//L Pjq by -E^ -1 and remark that n = 2 



gives the usual Eschenburg spaces (see [|Ej]| ) . 
Recall the canonical diffeomorphism 

E^ 1 = G//L p>q * AG\G x G/L m 

given in (1.8). Now, since L P)(J C K x H, there is a metric on E p n ~ l induced 
from the product metric on G x G. 



Theorem 5.1. The biquotient E p n q = U(n+l)//L Pj q admits a metric with 
quasi-positive curvature whenever 

P\i^Pl and pi +p 2 {2qi,2q 2 ,q\ + <? 2 }. 
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Proof. We must find a point in = AG\GxG/L p>q at which all 2-planes 

have positive curvature. As we mentioned in Section [l], this is equivalent to 
locating a point in G x G at which there are no horizontal zero-curvature 
planes since we have equipped G x G with the product metric ( , )i © ( , )2- 
From ( |1.9|) it is easy to show that the horizontal subspace at a point 
(A, I) G G X G is given by 

^ = {(-$ r 1 (Ad^W),$- 1 (^)) | W u(n _ 1) =0,(W,Ad A P-Q) = 0}, 

(5.4) 

where A* = A 1 , P = diag(ipi, . . . , ip n+ i), Q = diag(iqi, iq 2 , 0, . . . , 0), and 
fj = u(l) © u(l) © u(n - 1) as before. 

In order to simplify the computations to follow we fix 

\ 



A 



\ 



I, 



n-l 



J 



for the remainder of the proof, where l n -\ denotes the (n — 1) x (n — 1) 
identity matrix. 

Before we proceed to a discussion of horizontal zero-curvature planes at 
(^4, 1) we prove the following useful lemma: 

Lemma 5.2. Suppose p\ + p2 {2gi, 2q2,q± + (72}- Then a vector of the 
form (-S^AdA* W),*^^)) ««f/i 

= diag(i, 0, . . . , 0), diag(0, i, . . . , 0), or diag(z, i, 0, . . . , 0), 
cannot be horizontal at (A, I) . 



Proof. Consider V = diag(i#, if, 0, . . . , 0). From (5.4) we see that the vector 
(-^(AdA* V), SjH^O) is horizontal if and only if (W, Ad A P - Q) = 0. 
Since {X, Y)q = — Re ti(XY) and by our choice of A, this is equivalent to 
the condition 

Oqi + ipq 2 = -(0 + f)(pi +P2)- 



The result now easily follows. 
Suppose that 



□ 



a 



Span 



( Ad A * X 



X 



(Ad A * Y 



Y 



is a horizontal zero-curvature plane at (A, I) 6 G x G. From the discussion 
in Section [l] we know that the projections <7j, i = 1,2, onto the first and 
second factor must be two-dimensional zero-curvature planes with respect 
to ( , )i and (,)2 respectively. 
Consider first 



0"2 



Span •{ $ 2 1 



X) (y)\ = Span {^- 1 (X),^-\Y)} , 
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where \& = & 1 1 3>2 and W = ^ 1 1 (W). 02 has zero-curvature with respect 
to ( , )i if and only if the equalities in (|1,6|) hold, namely if and only if 



= [X, Y] = [X h Y t ] = [X p , Yp] = [X m , Y m ] = [X„, Yj,]. 

Since (G,K) is a rank-one symmetric pair, [X p ,Y p ] = if and only if Xp 
and Yp are linearly dependent. Without loss of generality we may assume 
that Yp = 0. Similarly, (K, H) being a rank-one symmetric pair implies that 
[X m , Y m ] = if and only if X m and Y m are linearly dependent. Without loss 
of generality we may assume that either X m = or Y m = 0. Thus we have 
two possibilities: 



X — X p + X m 
X = Xp + Xf, and Y 



X„ and Y 



Y h 



or 



Y m + Y h . 



(5.5) 
(5.6) 



Since a is horizontal and $1 simply scales t = m © f) by Ai G (0, 1), then 
we must have X u ( n _±^ = Y u r n _-^ = 0, where f) = u(l) © u(l) © u(n — 1). 
Therefore in both cases above we have 

Xf, = diag(m, ib, 0, . . . , 0), Yf, = diag(ic, id, 0, . . . , 0), some a, b,c,d£ R. 

Clearly [X^Yf,] = 0. Then [X e ,Ye] = [X m ,Y b ] + [X(,,Y m ]. In the case of 
(5.5) our zero-curvature condition is thus = [X m , Yf,], while for case (|5.6|) 
we have = [Xf,, Y m ]. 

Consider general vectors Z = diag(ia, i/3, 0, . . . , 0) G f) and VY G m. Then 
= [Z, W] if and only if either (5 = or W = 0. Applying this to case ( |5T5| ) 
we find (after rescaling) 



X 
X 



Xp + X m + X(, and Y = diag(i, 0, . . . , 0); or 
Xb + X, and Y = Y h . 



(5.7) 
(5.8) 



On the other hand, case ( |5.6[ ) yields the added possibility 

\ 





( ia 


—x 1 


X = 









X 




\ 





Gpef) and Y = Y m + Yj,. 



(5.9) 



By Lemma |5.2| we can immediately rule out case ( |5.7| ) and concentrate 
on cases (|5.8|) and (^). 

The only zero-curvature condition remaining to us is [X, Y] = 0. Since 
Yp = 0, this is equivalent to [X p , Y{] = 0. Consider the general vectors 



U 



I 

V 



-U 



\ 



G p and V 
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iS 


-«* 




V 









J 



G « 
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where u = (u2, ■ ■ ■ , u n+ \) S C n , v = (1/3, . . . , v n+ \) G C n_1 , and 7,(5 G K. 
Then 

[U,V]=0 

n+l 

<^=^> 1(7 — 5)«2 + = and 171*7 = U2Vj , 3 < j < n + 1 (5.10) 

i=3 

Suppose ^2 = 0. Then (]5.10| ) becomes juj = 0, 3 < j < n + 1, and 
]Cj=3 itj-Uj = 0. This is satisfied if and only if either 

Uj = for all j = 2, . . . , n + 1, i.e. X p = 0; or (5.11) 

n+l 

U2 = and 7 = and UjUj = 0. 

j=3 

On the other hand, if we assume U2 ^ then ( |5.10| ) becomes 

iu 2 



(5.12) 



U2 7^ and = 7 

7 



? — M l — P5" 1 %)i = 3 ) • • • > n + 1) an d 
4 l u 2 \ 2 1 ■ 



u 2 



\U2 



n+l 
2 l„. |2 



i=3 



(5.13) 



Now, if we apply conditions ( 5.11| ), ( |5.12|) and ( |5.13| ) to case ([5.8j ) we arrive 
at (after rescaling where appropriate) 

X = diag(m, ib, 0, . . . , 0) and Y = diag(ic, id, 0, ... , 0); or (5.14) 
Xepef) and r = diag(0 l i,0,...,0); or (5.15) 
XepQi) and Y = diag(i, i, 0, . . . , 0). (5.16) 

Since X and Y must span a two-plane, it is clear that diag(z, 0, . . . , 0) must 
lie in the plane spanned by the X and Y given in ( 5. 14] ). Hence we may 
apply Lemma to conclude that there are no horizontal zero-curvature 
planes a C g © g described by case (|5.8[). 

For case ( PI) conditions flTllD , fTll ) and ( jug ) imply that X and Y 
must have one of the following forms (after rescaling): 



X = diag(i, 0, . . . , 0) and Yet; 



(5.17) 



or 





( ia 


-x 3 ■ ■ ■ -x n+ i \ 




( ° 




\ 













i/3 


-yt 


X = 


X3 









y 









/ 




V 




J 



(5.18) 
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""'and >:;•;! 









X = 


















and y 



/ 



V 



%P 



0; or, finally. 
\ 



-y 



(5.19) 



/ 



where X2 + 1 0, /3 = 1^2 1 2 — 



n+l 
j=3 



\ andy^ 



t.T2 



x,- for j = 3, ... , n+l. 



Applying Lemma 5.2 once again eliminates case ( |5.17 ). Therefore, in 
order to complete the proof we may restrict our attention to horizontal 
zero-curvature planes for which X and Y are of one of the forms given in 
( gjf ) and ( gig ). 

Without loss of generality we may assume that the vectors ^ _1 (X) and 
\P _1 (y) spanning are orthogonal. By Q5,2| ) and since y € t this is equiv- 
alent to (XfyY^o = 0, where we recall tha t (V, W) = - Re tr(VW). This 
is trivially true for X and y of the form ( |5.18[ ), but fo r (|5.19| ) we get or- 
thogonality if and only if a = 0. Hence we may rewrite ( |5.19D as 



X 



(— 

x 

\ 



\ 



( 



and y 



ip 



(5.20) 



/ 



where x 2 + 0, P = H 2 -^ 



n+1 It-- I 
i=3 l+?l 



and 2/j 



Xj for j = 3, . . . , n+l. 



We now turn our attention to the projection a\ of a onto the first factor. 
Recall that 

cri = Span j^ 1 ^Ad A * x) , (Ad A * Y") } 

= Span j^ 1 (Ad A * , ^ (Ad A * (*iY))} . 

( |1.3| ) provides us with conditions for <ti to have zero-curvature with respect 
to ( , )i but, since we have already assumed that &2 has zero-curvature and 
since (G, K) is a rank-one symmetric pair, the conditions reduce to 



(Ad A * ($iX)) p ,(Ad A * (*iY)) t 



0. 



That is, the p components of Ad A * (<&iX) v and Ad A * (<&iY) p must be lin- 
early dependent. There are three possible cases: 



(Ad A * (^X)) p 
(Ad A * (^Y)) p : 
(Ad A * ($xX)) p 



: 0; or 
0; or 

: S (Ad A * ($iy)) p . 



for some s £ 



{0}. 
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Recall that $i(W) =W P + X\Wt, X% G (0, 1), that we have chosen 

\ 



A 



1 



y/2 y/2 



'n-1 



and that 



n+1 



k,e=l 



where V = (wti) G 0- Then, since p is completely determined by the first 
row of vectors in g, we may abuse notation to write 



n+1 



(AdA* V) p = ^2 a kl a ej v M 



J 



,n + l 



Let us consider the two possible pairs (X, Y) separately, beginning with 
( |5.18| ). Here we have 

x n+1 ) , (5.21) 



(Ad A *($iX)) p 



1 1 _ 

2 ^71 X3 ' 



v^ 



1 



yn+i 



(5.22) 



' V2 

If (Ad A * (^i^))p = then X = 0, which is contradiction since cr is two- 
dimensional. Similarly, (AdA* ($iY))p = gives a contradiction. On the 
other hand, if (AdA* (&iX)) p = s (AdA* (&iY)) p for some non-zero s G R 

then we find Xj = syj, j = 3, . . . , n + 1. However, since Y^j=z x jVj = 0' this 
implies that Xj = yj = for all j = 3, . . . , n + 1. But Xj cannot all be zero 
for vectors of type ( |5,18| ), and so we have a contradiction. Therefore there 
are no horizontal zero-curvature planes a C Q © described by ( 5.18 ). 
We now consider the pair (X, Y) given in flgjCj ). We have 

1 

]A l( l-/3),-i= y -3,...,--L 
If (AdA* ( < I ) iA^))p = then yj = for all j = 3, ...,n + 1, since yj 



(AdA*($iX)) p 
(AdA*($lF)) p 



■-(X2+X 2 ),—j= X 3 , 



■r» + i j ,(5-23) 
Vn+i ) ■ (5.24) 



j^pr I Xj, j = 3, ... ,n + 1. The only non-zero entry in X is X2 and we 
may assume without loss of generality that \x2\ = 1- Thus /? = 1 and 
Y" = diag(i,i,0, . . . , 0) since (3 = \x2\ 2 — Sj=3 l x j| 2 - By Lemma 5.2 this is 
impossible. 

If (AdA* {$iY))p = then we may once again assume without loss of 
generality that Y = diag(i, i, 0, . . . , 0) and Lemma 5^ gives a contradiction. 
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Finally we examine the situation (Ad^* ($iX)) p = s (Ad A * for 
some non-zero s E R. Then xj = syj implies that yj = s ^j-^p-^ yj, j = 

3, . . . , n + 1, since yj = f'jUprJ J = 3, . . . , n + 1. We have already shown 

that the cannot all be zero. Therefore we find that s (^j^^J = 1. This in 

turn implies that x 2 = is 6 iR. 

Now (-S^ 1 (Ad A * ($iX)) , ^(SqX)) is a horizontal vector if and only 
if (X, Ad a P ~ Q)o = 0, i-e- if and only if 

n+l / n+l \ 

= ^Im a ki x k j p £ 

1=1 V fc=2 / 

= Im (a 11 a 2 ix 2 )p 1 + Im (012022^2) P2 

= -Im(x 2 )(pi-p 2 ), 

where again we recall that (V, W)o = — Re tr(VW). By hypothesis p\ 7^ p 2 
and so we must have x 2 = Im^) = 0, which contradicts the assumption 
that x 2 + 0. □ 

Remark 5.3. As was discussed in Section [l], a permutation of the integers 
pi,...,p n+ i induces a diffeomorphism -Ep^ -1 — ► -Ep 1 ™ -1 . Therefore the 



proof of Theorem 5.1 is sufficient to establish Theorem A(I) 

Remark 5.4. Theorem [A|(i)| is certainly not optimal since, for example, the 
spaces defined by p = (0, . . . , 0) and q = (—1, 1) satisfy neither hypothesis of 
the theorem, but are known to admit metrics with almost positive curvature 



constructed in a similar manner [ Wi | ■ It is the author's suspicion that all 



generalised Eschenburg spaces admit quasi-positive curvature, as in the case 



n = 2 [Ke2 |. 



6. Topology of M 13 , A 11 

We turn now to the topological assertions of Theorem [A| regarding the 
biquotients M 13 = SO(8)//(S 1 x G 2 ) and A 11 = SO (8)// (50(3) x G 2 ), 
namely that they have the same cohomology rings but are not homeomorphic 
to CP 3 x S 7 and S 4 x S 7 respectively. 

Theorem 6.1. The biquotients M 13 and A 11 have the same cohomology 
rings as CP 3 x S 7 and S A x S 7 respectively. In particular M 13 and A 11 are 
not manifolds known to admit positive curvature. 

Proof. Consider any circle bundle 

51 _^ s 7 x S 7 Af 13 . 

The long exact homotopy sequence for fibre bundles implies that 7Ti(M 13 ) = 
0. Hence there is a Gysin sequence for the bundle S 1 — > S 7 x S 7 — ► M 13 , 

.. — ► H i ~ 2 {M; Z) ^ H^M; Z) H { (S 7 x S 7 ; Z) — ► £P -1 (Af; Z) — ► .. 
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Recall that 



H j (S 7 x S 7 ;Z) = < 



Z, if j = 0,14; 

Z © Z, if j = 7; 
0, otherwise. 

Since we have a circle bundle S* 1 — ► S" 7 x S 7 — ► M 13 , there is an isomor- 
phism H°(M; Z) i^S 7 x S" 7 ) = Z, and the Euler class e G # 2 (M; Z). 

The Gysin sequence gives groups H^(M;Z) = Z, j = 0,2,4,6, and 
W{M\Z) = 0, j = 1,3,5. By Poincare Duality and the Universal Coef- 
ficient Theorem we thus have 

H j (M 13 -Z) = f Z > ' lfj = °' 2 ' 4 ' 6 ' 7 ' 9 ' U ' 13; 

\o, if j = 1,3, 5, 8, 10, 12. 

Hence, looking at the Serre spectral sequence for a fibration S* 1 — > S 7 x 
S* 7 — > M 13 , we see that M 13 has the same cohomology ring as CP 3 x S 7 , 
namely H*(M;Z) = Z[a, /3]/(a 4 , (3 2 ), where a G # 2 (M) and /3 G # 7 (M). 

The analogous Gysin sequence computation for S* 3 — ► S* 7 x S 7 — ► N 11 
yields 

^ (iv n ;Z) = (z, if^ =0,4,7,11; 

(0, if j = 1,2,3,5,6,8,9,10, 

and the Euler class e 6 .ff^iV 11 ; Z). Looking at the Serre spectral sequence 
for a fibration S* 3 — > S 7 x S" 7 — ► iV 11 we find that iV 11 has cohomology 
ring structure H*(N n ;Z) = Z[a, (3] /{a 2 , (3 2 ), , where a £ H 4 (N n ) and 
(3 G H 7 (N n ), and so iV 11 has the same cohomology as S" 4 x S 7 . □ 

Before we continue we establish an easy lemma which will prove useful in 
the topological computations to follow. 

Lemma 6.2. Consider a triple (ri,r2,r 3 ) such that = 0. Let <7j(r) 
and Ti(r 2 ) denote the i th elementary symmetric polynomials in ri,r 2 ,r 3 and 
r i) r 2' r 3 respectively. Then a\{r 2 ) = — 2cr 2 (r) and cr 2 (r 2 ) = (T 2 (r) 2 . 

Proof. Since oi(r) = J^rj = we have 

= ai(r) 2 

= (rf + r\ + rf) + 2(rir 2 + nr 3 + r 2 r 3 ) 
= a 1 (r 2 ) + 2a 2 (r) 

as desired. On the other hand 

o- 2 (r) 2 - a 2 (r 2 ) = (nr 2 + nr 3 + r 2 r 3 ) 2 - {r\r\ + r 2 rf + rfrf) 
= 2(r 2 r 2 r 3 + nr 2 ^ + rir 2 r|) 
= 2rir 2 r 3 (r 1 + r 2 + r 3 ) 
= 0. 

□ 
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In [El | (pages vii and 139), Eschenburg provides a beautiful diagram 
which explicitly describes the embedding of the root system G 2 into P3. 
Recall that P3 is the root system corresponding to the Lie algebra so (7) 
and is given by 

P 3 = {±ti I 1 < i < 3} U {±{U ± tj) I 1 < i < j < 3}. 

The root system G2 lies on a hypersurface in Span {S3} and is given by 

G 2 = {±Si I 1 < i < 3} U {±(si - Sj) I 1 < i < j < 3}, 

where Sj = |(2ij — tj — {i,j, k} = {1,2,3}. Notice that ^ Sj = and 
that — Sj = ti — tj S -B3. Furthermore, Sj is the projection of U E S3 and 
— (tj + tf.) S S3 onto the hypersurface containing G 2 - 

Since the Lie group G 2 is simply connected and has no centre, we see that 
the inclusions 

exp" 1 (I) = integral lattice of G 2 C root lattice of G 2 C weight lattice of G 2 

are in fact equalities. Therefore, by our above discussion of the roots of 
G 2 , the integral and weight lattices of G 2 are spanned by {si \ 1 < i < 3}, 
s% = 0. Thus by an abuse of notation we may assume that {s, | 1 < i < 3}, 
^2 s i = 0, spans H (Tq 2 ;Z) = Hom(r,Z), where Tq 2 is a maximal torus of 
G 2 and T is the integral lattice of G 2 . 



Recall that Lemma 3.2 showed that 

M 13 := SO(8)//{S 1 x G 2 ) 

is a quotient of 5 7 x S 7 by a particular 5" 1 action. 

Theorem 6.3. T/ie first Pontrjagin class of M 13 is 

Pl (M 13 ) = 2a 2 

where a is a generator of H 2 (M 13 ; Z p ) = Z p; p prime, p>3. 

Prior to providing the proof we remark that, in terms of integral cohomol- 
ogy, the theorem tells us only that pi(M 13 ) is not divisible by any primes 
p > 3. Thus Pl (M 13 ) = ±2 k g Z = # 4 (M 13 ), for some fc G Z, fc > 0. Since 
p(Mi xM 2 ) = p(Mi)®p(M 2 ), p{S n ) = 1, and p(CP n ) = (l + /3 2 ) n+1 , where 
/5 is the generator of H 2 (CP n ; Z), we find that pi(CP 3 x S 7 ) = 4(/3 ® l) 2 . 
Therefore we are unable to distinguish M 13 and CP 3 x S using the theorem. 



Proof of Theorem jg. 4 We follow the techniques developed in BH], [E2| and 
O (see also 0). 

Let G = 50(8). Define the inclusions 

fq:H:=S q > G 



P(u) 



P(g 2 ^) 

P(g 3 n) 

V ^(^4^) / 
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where q = (gi, g 2 , g 3 , q^) G Z 4 , and 

g : A" := G 2 ^ G 

given by the embedding of G 2 into SO (7) C 50(8). For a general Lie group 
L, let El denote a contractible space on which L acts freely, and denote the 
classifying space El /L by Bl ■ For the sake of notation we denote a product 
of Lie groups L% x L 2 by L\L 2 . 

Consider the following commutative diagram of fibrations 

G x E GG G x E GG (6.1) 



G x HK Egg 

(<Ph,<Pk) 
B h x B K 



<PG 



(B fq ,B g ) 



G xgg Egg = Bag 

Ba 

B g x B G 



where cpQ, tpx, and ip H are the respective classifying maps, and A : G — > 
GG denotes the diagonal embedding. Now, since projection onto the first 
factor in each case is a homotopy equivalence, we have G ~ G x Egg and 
H\G/K ~ Gx hkEgg- Thus, up to homotopy, we can consider the diagram 
as 

G »■ G 



H\G/K 



B H x B K 



Bag 

Ba 

B g xB g 



(B fq ,B g ) 

Recall that 50(8) and G 2 have torsion in their cohomology for coefficients 
in Z and Z 2 (see RMT |). Therefore, using Z p coefficients with p > 3 and 
prime, we have 

A(yi, 2/2,2/3,2/4), 2/1 G # 3 , 2/2, 2/4 G # 7 ,y 3 G iT 11 , 
A(xi,x 2 ), xiGH 3 ,^^^ 11 , 
A(u), « G ff 1 . 



H*(K 
H*(H 
Hence 

H*(B G ;Z p ) 
H*(B K ; Z p ) 
H*(Bh; Z p ) 



^p[i/i,2/2,2/3,274] 
Z p [xi,x 2 ], xiGH 4 ,x 2 £H 
ZJu], ueH 2 , 



yieH 4 ,y 2 ,y A £H 8 ,y 3 eH 12 



12 



where 2/i, % and u denote the transgressions of j/i, £j and u respectively. 
Let Tc and T# be the maximal tori of G and K respectively, with coordinates 
being given by (ti,t 2 ,t%, £4) and (si, S2, S3), ^ Sj = 0, respectively. By an 
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abuse of notation (and our earlier discussion of the roots of G2) we will 
identify t{ and Sj with the elements U G H (Tg) and Sj G H 1 (Tk)- The 
corresponding transgressions are U G H 2 (Bt g ) and Sj G H 2 (Bt k )- Since G 
and if do not have any torsion in their cohomologies we have 

H*(B G ) = H*(B Tg ) w o =Z p [t 1 ,...,U] Wa and 
H*(B K ) = H*(B Tk ) w « = Z p [s 1 ,s 2 ,s 3 ] w « 



where Wl denotes the Weyl group of L. 

Wq acts on H*(Bt g ) via permutations in it and an even number of sign 
changes. Therefore a basis for H*(Bt g ) w ° is given by elementary symmetric 
polynomials a^t 2 ) := (Ji(t\, ■ ■ ■ , t\), i = 1, 2, 3, and ii^i^i^. Hence we choose 
Vi = (Jiit 2 ), i = l,2, 3, and y 4 = hhhh- 

Wg 2 = Wk is the dihedral group of order twelve. Its action on the root 
system G2 is by rotations of ^ and by reflections through the horizontal 
axis. Therefore, given our description of the root system of G2 above, Wk 
acts on H*(Bt k ) via permutations in Sj and a simultaneous sign change of 
all Si. Thus elements of H*(Bt k ) which are invariant under Wk are given 
by sums and products of the elementary symmetric polynomials <J2{s) '■= 
c"2(si; *2, S3) and <Ji(s 2 ) := <Ji(s 2 , s|, s|), i = 1, 2, 3. However, since ^ Si = 0, 
Lemma |6.2| shows that a basis for H*(Bt k ) Wk is given by the symmetric 
polynomials <7j(s 2 ), i = 1,3. Thus we identify x\ = 0"i(s 2 ) and x 2 = cj%{s 2 ). 

Therefore we have 



H*(B G ;Z P ) = Z P [oi{?),a2{?),o z (?),i 1 t2hhl (6.2) 
H*(B K ;Z p ) = ZpMs 2 ),^ 2 )]. (6.3) 



Let h : L\ 
diagram 



L2 be a homomorphism of Lie groups. Then the commutative 



Li 



induces a commutative diagram of classifying spaces 



Bl 2 



(6.4) 



Ll B h lL * 
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which in turn induces the commutative diagram 

H*(B Ll )^^H*(B L2 ) (6.5) 



H*(B Tr )-* H*(B Tr ) 

y {BhT v il 2 i 

Recall that 

H*(B GG ) = H*(B G )®H*(B G ) = H*{B Tg ) w g®H*{B Tg ) w g 

= Zppi, . . . , h] Wa ® Zpfr, . . . , t 4 ]^ G 
= ^[2/1,2/2,2/3,2/4] ® Z p [yi, 272,2/3, 2/4], 

where Z p [yi, y 2 , 2/3, 2/4] = Z p [cti(?), ^(i 2 ), 03 (P), i 1*2^3^4] as before. Con- 
sider the diagonal embedding A : G > GG. In coordinates A|y G is given 
by £» 1 — ► (ti,ti), i = 1, ... ,4. We have commutative diagrams as in 
and flOP - Now 

A* :H l (T G )®H\T G ) — » fl^Tc) 

tj <g> 1 1 — ► t j 
1 <g> ij 1 — ► U, 

which in turn implies 

(B A )* : H 2 (B Tg ) ® H 2 (Bt g ) — ► # 2 (#T G ) 

ii (8) 1 1 — ► t f 

1 <g> i, ' — ► tj. 

Therefore, 

(B A )* : H*(B GG ) — ff*(S G ) 

y» ® 1 ' — > 2/i 

1 <8> 27i 1 — ► 2/i- 

Since the diagram (|0]) is commutative we see that 

<P*a(Vi) = vh((BA)*(Vi®l)) = VH((Bf q )*(y i )), and 
WsCffc) = <p* G ({B A )*(l®yi)) = ip* K ((B g )*(yi)). 

Consider now f q :H:=S q ^Ga,s above. In coordinates f q is given by 

« — ► (qiu, ...,q^u). 

We get commutative diagrams as in ( |6.4[ ) and (|6.5|). Now 

(f q )*:H\T G ) — > F 1 ^ 1 ) 
ti 1 — ► 
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which implies that 

(B fq )* : H 2 (B Tg ) H\B sl ) 
U i — ► qiU. 
Therefore, letting q 2 := (q\, . . . , q 2 /), we have 

(B fq )* :H*(B G ) — > H*(B Sq ) 

ft .— > o-.C? 2 )^, i = 1,2,3, (6.6) 
y 4 i — > cr 4 (g)u 4 . 

On the other hand, now consider g : K := G2 ^ G C SO (8) as above. In 
particular, g\x K ■ Tr — > Tq, and examining Tjc as in ( p^ ) we see that in 
coordinates is given by (s\, S2, S3) 1 — ► (0, sj, S2, —S3), ^ Sj = 0. Again 
we get commutative diagrams as in fl6.4|) and Q6,5|). Now 



and hence 



( 9 | Tk )* :H\T G ) — H x (Tk) 

h ► 0, 

£j 1 > Sj_i, z = 2, 3, 
f 4 1 — ► -s 3 

(S 9 | TA .r :F 2 (i? TG ) — > H 2 (Bx K ) 
ii ► 0, 

ij 1 ► 1, i = 2, 3, 



Therefore we have 



i 4 1 — ► -s 3 

: iT(5 G ) — » H*(B K ) 

V\ 1 — ► (Ji(s 2 ) = xi, (6.7) 
2/2 1 — ► o-2(s 2 ), 

2/3 1 ► °3(s 2 ) = X 2 , 

>— ► 0. 

Thus (B g )*{yx) = x\ and (B g )*(y 3 ) = x 2 - 

We are now in a position to compute the Pontrjagin class of H\G/K, 
and in particular p%. Let r be the tangent bundle of H\G/K. In JS|] 
the following vector bundles over H\G/K were introduced. Let a# := 
(G/K) xh f), where -ff acts on G/K on the left, and on \) via Ad//- Let 
ax '■= (H\G) Xk t, where K acts on iJ\G on the right, and on t via K&k- 
Finally, let a G := ((H\G) x (G/K)) x G q, where G acts on (H\G) x (G/K) 
via (Hgi, g2K) -kg = (Hgig, g g2K), and on $j via Adc- Since H x K acts 
freely on G we have 

r © an © ax = olg- 
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Recall from [BH] that the Pontrjagin class of a homogeneous vector bundle 
ckl = P x lV associated to the L-principal bundle P — ► B := P/L is given 
by 



a:= ]J (1 + 

a t <=A+ 



p(a L ) = 1 +p\{a£) +P2{oll) H = </>L( a ), 

where is the set of positive weights of the representation of L on V, and 
<Pl : B — > Bl is the classifying map of the //-principal bundle. We have 
identified on G H l (T L ) H 2 (B Tl ), and hence a G H*(B Tl ) Wl = H*(B L ) 

In our case the vector bundles a#, o^, «g are associated to a principal 
bundle and the weights are the roots of the corresponding Lie group. 

Since H = S 1 we have p{cxh) = 1, an d since, if V, W are vector bundles 
over some manifold M, p(V © W) = p(V) ^ p(W), we have 

p{t)p((Xk) =p{a G ). 

By our discussion above and since inverses are well-defined in the polynomial 
algebra H*{Bk) it follows that 

P( T ) = <Pg(<>)<PkQ>~ 1 )> 

where a := E[ ai eA + (^ + an ^ ^ := Tip gA + + ^j) - ^ n particular, note 
that 

= Pl(aG) -pi(aji-) 









* 

Pg 


E 


E m 









The positive roots of G = SO (8) are ti ±tj, 1 < i < j < 4. Hence 



E 



O ; 



E (&-*i) 2 +(*<+*i) 2 ) 

i<i<i<4 



= 2 E (*" 

l<i<j<4 

= sE^l 

i=l 

= 6yi. 

Now f* G {yi) = <p* H ((B f q )* (yi)) = ai(q 2 )<p* H (u 2 ). Therefore we may conclude 
Pl (a G ) = 6a 1 (q 2 y H (u 2 )eH\H\G/K). 

From our earlier description of the roots of G2, the positive roots of K = 
G2 are 



si, s 2 , -S3, 81 -S3, s 2 -si, s 2 - S3, 
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where s i = 0- Then 

Pj =4+4+4+ («i - S3) 2 + (s 2 - si) 2 + (s 2 

= cti(s 2 ) + (s 2 + 4 ~ 2sis 3 ) + (s 2 + s| - 2sis 2 ) + (s| + 4~ 2 «2S 3 ) 
= 3ai(s 2 ) -2a 2 (s) 



= 4c"i(s ) by Lemma 6.2 

= 4xi 
Thus, since 

<p*k(?i) = VK«B g y(m)) = vUWivi)) = <n(q 2 )<P* H (u 2 ), 

we have pi(a K ) = 4<7i(g 2 )^(u 2 ) E H 4 (H\G/K). Hence 

Pi(t) = -Pi (ax) 

= 2a l (q 2 )^ H (u 2 )^H\H\G/K) 

In our case we have q = (0, 0, 0, 1). Therefore pi(M 13 ) = pi(r) = 2c/r^(w 2 ). 

Consider the Serre spectral sequence for the fibration G — > H\G/K — > 
B HK . Notice that u £ H 2 (B H ) = H 2 (B HK ) = E 2 ' will survive until 
since H*(G) contains no elements of degree 1. Recall that the classifying 
map tp* H is the edge homomorphism 

<p* H : H\B HK ) = Ef - Eg ^ H\H\G/K). 

Therefore, given that M 13 has the same cohomology ring as CP 3 x S 7 , tp* H (u) 
is mapped to a non-zero element, i.e. a generator, of H 2 (H\G/ K; Z p ) 



p 



and hence (p* H (vf) 7^ 0. □ 

Remark 6.4. This proof in fact yields a more general statement. Given 
any simply connected biquotient S 1 \SO(8)/G2 (i.e. the sum of the weights 
qi, . . . ,54 of the embedding 50(2) <—* 50(8) is odd; see Lemma |3.2| ) it is 
easy to check that <Ji(q 2 ) is always odd. Thus, if o~\(q 2 ) 7^ 1 (namely when 
the embedding has weights different from a permutation of (0, 0, 0, 1)), then 
the first Pontrjagin class will be zero mod p for some odd primes p. This 
allows us to distinguish each of the corresponding biquotients 5 1 \50(8)/G2 
from CP 3 x 5 7 , and often from each other. For example, the family of actions 



with weights (1, 1, 1, k), (k,3) = 1, described in (|3.5[) give simply connected 



biquotients whenever k = 2£, and have first Pontrjagin class p\(G//U) = 
2(Al 2 + 3)<p* H (u 2 ) £ H 4 (G//U) = Z p . 

Let us now turn our attention to iV 11 where we have better luck than in 



Theorem 3.3 



Theorem 6.5. The manifold N 11 = SO(8)//(SO(3) x G 2 ) has first Pontr- 
jagin class 

Pi(N 11 ) = a, 

where a is a generator of H 4 (N ll ;Z p ) = Z p , p prime, p > 3. 
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Proof. We let G and K be as above, H = SO(3), and retain the notation 
and techniques used in the proof of Theorem |6.3| . 

Again using Z p coefficients with p > 3 and prime, we have 

H*(G;Z P ) 
H*(K;Z p ) 
H*(H;Z p ) 

Hence 

H*(B G ;Z P ) 
H*(Bk; Z p ) 
H*(B H ;Z p ) 

where y%, Xj and w denote the transgressions of m, Xj and w respectively. 

Let Th be the maximal tori of H with coordinate u. By an abuse of 
notation we will identify u with the element u G H 1 (Th). Hence u G 
H 2 (Bt h )- Since G, K and H do not have any torsion in their cohomologies 
we have 



H*(B G ) 


= h*(b Tg , 


W g = ; 




H*{B K ) 


= h*(b Tk 


)Wif = 


% p [si,s 2 ,s 3 ] Wk , and 


H*(B H ) 


= h*(b Th 


) W H = 


Zp[u] WB , 



where Wl denotes the Weyl group of L. 

Wq acts on H*(Bt g ) via permutations in and an even number of sign 
changes. Therefore a basis for H*(Bt g ) Wg is given by elementary symmetric 
polynomials 0i(P) '■= 0i(£?, • • • , if), « = 1, 2, 3, and *it2*3*4- Hence we choose 
!7i = cri(?), * = 1, 2, 3, and y 4 = hhhh- 

Similarly, since ^ is the dihedral group of order twelve and acts on 
H*(Bt k ) via permutations in Sj and a simultaneous sign change, a basis for 
H*(Btq) K is given by the symmetric polynomials o"j(s 2 ) := cr^s 2 , s|, s|), 
i = 1,3. Thus we identify Si = £>i(s 2 ) and x 2 = a 3 (s 2 ). 

Wr acts on H*(Bt h ) via a sign change. Hence a basis for H*(Bt h ) Wh 
is given by u 2 . 

Therefore we have 

H*(B G ;Z P ) = Z p [a 1 (P),a 2 (t 2 ),cr 3 (t 2 ),t 1 i 2 hh], 
H*(B K ;Z p ) = Z p [<7i(s 2 ),a 3 (l 2 )], 
H*(B H ;Z p ) = Zp[« 2 ]. 

Recall from the proof of Theorem |6.3| that 
We have already computed (B g )* and (Bf )*, in particular for g = (0, 0, 0, 1). 



= A(yi, 2/2,2/3, 2/4), Vi £ H 3 ,y 2 ,yz e H 7 ,y 3 £ H u 

= A(xi,x 2 ), »i 6 fl' 3 ,X2 GfT 11 , 

= A(io), u; G i? 3 . 

= ^[£1,2/2,2/3,2/4], 2/1 S # 4 , 2/2, 2/4 G if 8 , 2/3 G if 

= Z p [xi,x 2 ], xi e H 4 ,x 2 £ H 12 

= Z p [w], w G if 2 , 



(6.8) 
(6.9) 
(6.10) 
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We may now compute the Pontrjagin classes of N , and in particular p\. 
Given the vector bundles ac ax and an defined as before, 



Pl(N ) = Pi(olg) - Pi(a K ) - Pi(a H ) 



( 



E n - 1 ~ rx- 



E /? "tfr E 7. 



2 



The positive roots of G = 50(8) are ij db i,-, 1 < i < j < 4. We have already 
shown that J2 ai «? = 6 Vi- Now VaiHi) = <P*hU. b f*Y fa)) = Mq 2 )^P*h(u 2 )- 
Hence pi(a G ) = Qvi{q 2 )v* H {u 2 ) G H A (H\G / K). 
The positive roots of if = G2 are 

si, s 2 , -S3, S1-S3, s 2 -si, S2-S3, 

where = 0. Then Yla-Pj = 4xi and pi(ax) = 4<7i(c/ 2 )(/j^(u 2 ) as 

before. 

There is only one positive root for SO (3), namely u. Therefore Ylj- 1] = 
u 2 and, since q = (0, 0, 0, 1), 

pi(N u ) = P\{olg) -Px{olk) -Pl(off) 
= ^(« 2 ) € fr*(JV u ). 

It remains to show that c/?^(u 2 ) 7^ 0. Consider the Serre spectral sequence 
for the fibration G — ► N n — ► B HK . By our earlier computations of (Bf )* 
and (B g )* the generator y\ G H 3 (G) = E®' 3 = E®' 3 gets mapped under ds 
to 

d 3 (yi) = (S/J'G/i) - = - ^(I 2 ) G £ 3 4 ' = 4'° = H\B HK ). 

But H 4 (Bhk) has generators u 2 and 01 (s 2 ), both of which are mapped to 
zero by d$. Thus, in £4 the E 4 '° term is a Z p generated by u 2 and survives 
to -Eqo. Now the edge homomorphism (<p* H , <-p* K ) is given by 

{<p* H , <p* K ) : H\B HK ) = Ef -» Eg ^ W{H\G/K). 
Therefore {y? H , ip* K )(u 2 ) = (p* H (u 2 ) ^ 0. □ 

Recall that we have computed p\ using Z p coefficients, p > 3. There- 
fore, as in Theorem |6.3| , we have proved only that, for integral coefficients, 
pi(N 11 ) = ±2 k G Z, for some k G Z, A; > 0. However, recall that all Pontr- 
jagin classes for spheres are trivial and that integral Pontrjagin classes are 
homeomorphism invariants. Hence 

Corollary 6.6. N 11 is not homeomorphic to 5 4 x S 7 . 

Remark 6.7. Since H s and H 12 are trivial for each of the manifolds M 13 
and TV 11 , we have in fact computed their total Pontrjagin classes p = 1 +p\ 
in Z p coefficients. 
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We return now to the problem of distinguishing M 13 and CP 3 x S 7 . We 
will do this by "hot-wiring" the technique for computing Pontrjagin classes 
in the absence of torsion in the cohomology groups so that we can compute 
the integral Pontrjagin class of M 13 . 

Before we begin we establish some topological statements which will be 
used in the proof of Theorem |5.10 , From now on we will always assume that 



our cohomology groups have integral coefficients, and by spectral sequence 
we will always mean Serre spectral sequence. 

Proposition 6.8. Bq 2 , the classifying space of G2, has low- dimensional 
integral cohomology groups H 1 = H 2 = H 3 = H 5 = and H = Z with 
generator x = \o~i(s 2 ), where o~i(s 2 ) := ai(s 2 ,S2,s^), Y2$i = ®> an d *i 6 
H 2 (Bt g ), i = 1,2,3, are the transgressions of the elements Sj G H 1 {Tg 2 ), 
i = 1,2,3, which span the integral lattice of Gi- 

Proof. Consider the universal bundle G2 — ► Eq 2 — > Bq 2 where Eq 2 is 



contractible. From [Wh], page 360, we know that W{G<i) = 0, j = 1, 2, 4, 5, 
and H 3 (G2) = Z. Let ibea generator of H 3 (G2). Since Eq 2 is contractible 
all entries in the spectral sequence for the fibration G2 — * Eq 2 — > Bq 2 
must get killed off. Since d$ : E®' s — > E^'° is the only possible non-trivial 
differential with domain E®' 3 it must map x G H 3 {G2) to a generator x 
of H 4 (Bg 2 ), and so H 4 (Bg 2 ) = Z. Similarly it is clear from the spectral 
sequence that H J (Bq 2 ) = for j = 1, 2, 3, 5. 

Now consider the fibration S 6 = G2/SU(3) — > -65(7(3) — y Bq 2 . The 
spectral sequence associated to this fibration shows that x S E 2 ' = H 4 (Bq 2 ) 
survives to E^. Thus, since there are no other non-zero entries on the cor- 
responding diagonal in E^, we see that H 4 (Bg 2 ) = H 4 (B SU ^). Recall 
that H*(B$u(3\) is a polynomial algebra generated by the elementary sym- 
metric polynomials <7j(s) = <7j(s~i, s~2, S3), i = 2,3, in the transgressions Sj 
of Sj G ff 1 (T 5 'f/(3)), j = 1,2,3, where the Sj span the integral lattice of 
SU(3). Note that Yl s j = 0> ^G 2 = ^S£/(3) an d deg(o"j(s)) = 2i. There- 
fore H a {Bg 2 ) is generated by crzis). However, by Lemma [T2] we see that 



o~2(s) = -\a\(s 2 ). We set x = \a\(s 2 ). □ 



Proposition 6.9. The low- dimensional integral cohomology groups of the 
manifold SO(8)/G 2 = (S 7 x S 7 )/Z 2 are W{SO{8)/G 2 ) = W(RP 7 ), < 
3 < 6- 

Proof. Consider the spectral sequence for the fibration 

M.P 7 = SO(7)/G 2 — ► SO(8)/G 2 — ► SO(8)/SO(7) = S 7 . 
Recall that 

'Z if j = 0, 7 
H j (RP 7 ) = i Z 2 if j = 2,4,6 
if j = 1,3,5. 



32 



M. KERIN 



It is clear that each E^ 



H j (RP 7 ), j < 5, survives to E^. For E\ 
if 6 (MP 7 ) = Z 2 notice that there are no non-trivial homomorphisms Z 2 



0.6 



Z and so the differential dj : E, 



0,6 

v 7 



7,0 



must be trivial. 



Therefore E%' b = H 6 (RP 7 ) also survives to E^. Since there are no other 
non-zero entries on the corresponding diagonals we get the desired result. □ 



We are now in a position to complete the proof of Theorem |A|(ii 



Theorem 6.10. The first integral Pontrjagin class of the biquotient M 13 
SO(8)//(S 1 x G 2 ) is given by 



Pl (M 13 )\=8y 2 



13\ 



where y is a generator of H 2 (M 

In particular, M 13 is not homeomorphic to CP 3 x 5 7 . 



Proof. Recall that diagram (| 
G x Egg 



G x {/ Egg 

Vu 



is 



G x Egg 



PG 



Bu 



B, 



G xgg Egg = -Bag 

Ba 

— **■ E G g 



which, up to homotopy, is the same as 

G >■ G 



G//U^B AG 



B, 



B, 



Bgg 



where G = SO{8), U = HK = S 1 x G 2 , and G//U = 
the previous notation slightly so that (pu = (<Ph, <Pk) 



M 13 . We have altered 
and l is the embedding 



(L,g) : U GG for q = (0,0,0,1) 



In the proofs of Theorem 




Theorem 6^ we followed the usual techniques of [BH], HE2| and ]SJ 
there is no torsion in cohomology, namely we computed B L and B& and then 
used the fact that the diagram commutes in order to compute the Z p , p > 3, 
Pontrjagin class. However, since 50(8) and G 2 have torsion in integral 
cohomology, we need to adopt a different approach in order to compute the 
integral Pontrjagin class. Since H 8 (M 13 ) = H 12 (M 13 ) = we can restrict 
our attention to the first integral Pontrjagin class pi(M 13 ) € H 4 (M 13 ). The 
key idea to be taken from the proofs of Theorem |6.3| and Theorem |6.5| is 
that we computed the first Pontrjagin classes of some vector bundles over 
.Bag and Bu, then pulled them back to M 13 under the classifying maps 
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(pc and (pu respectively. As it turns out, the first Pontrjagin classes of the 
vector bundles over Bag and By are the same in integral coefficients as 
in Z p coefficients, p > 3. Our strategy, therefore, is to compute the maps 
ipfj : H\B V ) — ► H 4 (M 13 ) and ip* G : H 4 (B AG ) — ► H 4 (M 13 ) and pull back 
the respective first Pontrjagin classes. 

As a first step in computing <py : H 4 (By) 
H*(U) = H*(S 1 )0H*(G 2 ) and H*(By) = H*(B s i 
and H*(B s i) are torsion- free. Therefore 



H 4 (M 13 ) we notice that 
)H*(B G2 ) since H*(S l ) 



H j (U) 



(Z if j = 

z = (w) a j = i 

Z = (x) if j = 3 

if i = 2,4,5 



where to is a generator of H (S ) and x is a generator of H (G2), and 



applying Proposition 1^8 



Z = (tS) 

zez = (w 2 ; 




if i = 
if j = 2 
© (x) if j = 4 

if i = 1,3,5 



where tt) is the transgression of w resulting from the spectral sequence for the 
universal bundle of S 1 and generates H 2 (B s i) (hence generates H*(B s i) = 
Z[u)]), and x is the transgression of x resulting from the spectral sequence 
for the universal bundle of G2 and generates H 4 (Bg 2 )- 

Recall that ipjj : G//U — ► Bjj is the classifying map since we have the 
following diagram of principal U -bundles 



U 



GxEu 



GxuEu 



U 



Eu 



Bu 



where txi denotes projection onto the second factor and U — ► Ejj — > Bjj 
is the universal bundle. Since Ejj is contractible, projection onto the first 
factor gives homotopy equivalences G x Ejj ~ G and G xy Ey ~ G//U. 
Then (py is the resulting map G//U — > By and so is the classifying map. 
Therefore, up to homotopy, we may consider the following commutative 
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diagram of fibrations 



U 



G 



U 



Ejj 



G//U 



Bu 



Consider first the spectral sequence for the fibration on the left. Recall that 
H*(M 13 ) = H*(CP 3 x S 7 ). Hence 



W{G//U) 



(y) 
(y 2 ) 



o 



Since G = SO (8) we have from [CMV] that 



H j (G) 



= (r) 

{*) 
■(r 2 ) 
0,1 



Since = we see that d 2 ■ El 

trivial kernel, i.e. d 2 (w) = ky for some k G 



if J = 
if 3 = 
if J = 
if 3 = 

if 3 

if i 
if i 

if j 

if i 

(to) - 




2 
4 

1,3,5. 

= 
= 1 
= 2 
= 3 
= 4. 



E, 



•2.0 



k^O. Then £°' 2 



(y) must have 

(y)/(ky) 

survives to E^ and since H 2 (G) = Z 2 we must therefore have k = ±2, i.e. 
d 2 (w) = ±2y. 

On the other hand, the spectral sequence shows that on the ^4-page we 



have the differential d^ : E®' 3 = (x) — ► E^ = (y 2 ) /(2y 2 ). However, since 
H 3 (G) = Z and H 4 (G) = Z 2 , we must have d A {x) = G (y 2 )/(2y 2 ). 

Since Ejj is contractible it is clear from the spectral sequence for the 



fibration on the right that d 2 '■ E 2 
w, and c?4 : E^' 3 



0,1 



= (w) 
(x) - 



E 



E 2 
1.0 



2,0 



= (w) is an isomorphism 
(w 2 ) © (x) is given by 



with d 2 (w) 
d&(x) = x. 

By naturality of the spectral sequence we thus have for the left-hand fi- 
bration that d 2 (w) = ¥ij{w) G (y) and d 4 (x) = (p* v {x) G (y 2 )/(2y 2 ). There- 
fore, since we have already shown that d 2 {w) = 2y G (y) and d±(x) = G 
(y 2 )/(2y 2 ), we find 

<p* v (w) = ±2y G H 2 (G//U) = (y) and (6.11) 
ip* v {x) = 2ky 2 G H A {G//U) = (y 2 ), for some k G Z. (6.12) 

We now turn our attention to computing tp* G : H 4 (Bag) — > H 4 (M 13 ). In 
order to show that (pa : G//U — > -Bag is the classifying map consider the 
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GG xjj E GG 5- GG x GG E GG 



(AG\GG) xu E GG — (AG\GG) x GG E GG 

Since GGx G gE G g = E G g and (AG\GG)x G gE G g = Gx G gE G g = Bag we 
see that the fibration on the right-hand side is the universal bundle for G. On 
the left-hand side we have (AG\GG) Xu Egg = G Xy Egg, and projection 
onto the first factor gives homotopy equivalences GG Xu Egg — GG/U and 
G xu Egg — G//U. Thus up to homotopy the diagram becomes 

G >■ G 



GG/U 



Egg 



G//U- 



■-PG 



B G 



as desired. Recall that H^(G) = (z). The cohomology of Bq is described in 
[Br | and [FL but for our purposes we need only that 



W(B 



G) 



z 


if J 


= 





if j 


= 1,2 


z 2 


if 3 


= 3 


z 


if j 


= 4 


z 2 


if j 


= 5. 



Whilst proving Proposition 3.6 in [GZ2] the authors show that, since E = 
Egg is contractible, in the spectral sequence for the bundle G — ► E — > Bq 
the differential d 4 : E^ = (2z) — ► E%° = H 4 (B G ) is an isomorphism, 
i.e. 



the facts that E 



d 2 : E. 



2z gets mapped to a generator z of H (Bq) = Z. This follows from 

2 2 

— ^ 2 by the Universal Coefficient Theorem, and that 
= Z2 must be onto. 

G//U, 



0,3 



E. 



2.2 



Therefore naturality of the spectral sequence implies that ^4(22:) 
in the spectral sequence for the left-hand fibration G — * GG/U - 
where H 3 (G) = (z) and H*(B G ) = (z). 

In order to determine the exact value of <p G (z) € H 4 (G//U) we need to 
examine the spectral sequence for the left-hand fibration. First we must 
compute the cohomology of GG/U in low-dimensions. Recall that GG/U = 
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V 8 ,6 x 50(8)/G 2 , where V 8fi is the Stiefel manifold SO(8)/SO(2). From 
|1CMV| we find that 





Z 2 



ifj 
if J 
if J 



0,2 

1,3,5 

4. 



In Proposition |6.9| we computed the low-dimensional cohomology groups of 
SO(8)/G2- From the general Kiinneth formula for cohomology ( |Sp|l , page 
247) we find that 



H j (GG/U) 



Z if j 


= 


ifj 


= 1,3 


z e z 2 if j 


= 2 


A if J 


= 4 


Z 2 ifj 


= 5. 



Since H\GG/U) = 
the differential ci 2 



i.e. 



2/2 



Z| , in the spectral sequence for G 
E / = H 3 (G) = (z) — ► £. 



2.2 



-> GG/U — ► G//XJ 
'2 must be trivial, 



j 2 must survive to E Q 



It thus follows that E 1 ^ 



for t < 5, j < 4. Since H 3 (GG/U) = the differential d 4 : E, 



0,3 



^3 



-^4 



4,0 



for some non-zero 



•0, i 



E 



2,2 



1 — H A (G//U) = (y 2 ) must be given by d 4 (z) 
n € Z. On the other hand, since H 4 (GG/U) = Z|, E^' = z^ 4 = ^ 2 

13 3 1 

and = E± = 0, the filtration for the spectral sequence shows that 

n = ±2, i.e. d^{z) = ±2y 2 . But we have already shown that di(2z) = (p* G (z). 
Therefore 

vh{z) = ±±y 2 £H\G//U) = {y 2 ). 

Furthermore, while proving Lemma 5.4 in | GZ2 | the authors show that, 
by considering the spectral sequences of the fibrations SO(8)/SO(3) — > 



B SO(3) — 
z = ai(P 



B so{8) and SO(3)/SO(2) - 
+2 +2 +2 +|), where (*i, 



50 (2) 
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50 (3): 



we can let 



, £4) are the coordinates of a 
maximal torus Tq of G and by abuse of notation we identify £, G H 1 (Tg) 
with ij G H 2 (Bt g ) via transgression. 

We are now in a position to compute the first Pontrjagin class of M 13 = 
G//U. Let r be the tangent bundle of G//U. Consider the following vector 
bundles over G//U. Let ajj := G xj/u, where U = S 1 x G 2 acts on G 
via the biquotient action, and on the Lie algebra u of U via Adjj. Let 
ac '■= (GG/U) Xq g, where G acts on GG/U diagonally on the left and on 
via Ado- Since U acts freely on G we have, via a similar argument to that 
in g, 

t © «(/ = ac- 

Recall that if V, W are vector bundles over some manifold M, p(V®W) = 
p{V) ^ p{W). Hence in our case 

p{r)p{au) =p{a G ). 
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Recall from [BH] that, in the absence of torsion, the Pontrjagin class of 
a vector bundle at, = P xlV associated to the L-principal bundle P — ► 
B := P/L is given by 



p(a L ) = l+Pi(aL)+P2(a L )+- 



<Pl(a>), o== II (l+«i)eff*(B T J^, 

a;gA+ 



where is the set of positive weights of the representation of L on V, 
(PL : B — > Bl is the classifying map of the L-principal bundle, and Wl is 
the Weyl group of L. Note that in this situation H l {T L ) = H 2 (B Tl ), and 
hence a G H*(B Tl ) Wl =< H*(B L ) 

In our case, even though we have torsion in cohomology, we are fortunate 
in that H 4 (B G ) H 4 (B Tg ) w ° and H\B V ) = H*(B Tu ) w u since the gener- 
ators are z = u\ (P) and x = ^<Ti(s 2 ) respectively. Moreover the vector bun- 
dles an and a G are associated to the principal bundles U — ► G — > G//U 
and G — ► GG/U — ► G//U respectively, and the weights are the roots of 
the corresponding Lie group. 

Hence we may write 



Pi(t) 



Pi(ug) ~Pi{au) 





( \ 


( \ 


* 


E oftl-Vv 


E n 









proof of Theorem 3.3 



The positive roots of G = 50(8) are t$ ± tj, 1 < i < j < 4. Hence, as in the 

4 

6^ if = 6<ri(?) = 61. 



E 

a,£A+ 



t=l 



But = ±4y 2 . Hence pi(a G ) = 6y£(z) = ±24y 2 G H 4 (G//U). 

From our earlier description of the roots of G%, and since S 1 has no roots, 
the positive roots of U are 

Sl, S 2 , -S 3 , Si -S 3 , 32 -Si, S 2 - S 3 , 

where ^ s« = and = |(2ij — tj — tk), {i,j,k} = {1,2,3}. Then, as in 
the proof of Theorem |6.3j, 



fi] =4a 1 (s 2 ) = 8x. 



Thus, since <Pu(x) = 2A;y 2 , pi(ctjj) 
Therefore 



I6ky 2 G H 4 (G//U). 



Pi(t) = Pi(olg) - Pi(au) 

= 8(±3 ± 2/c)y 2 G H A (G//U). 
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From Theorem 5.3 we know that P\(t) = p\(G//U) is divisible only by 2. 
Therefore k = ±1 or k = ±2 since ±3 ± 2k is always odd, which in turn 
implies p\{G//U) = ±8y 2 as desired. □ 

Remark 6.11. It is tempting to suggest that pi(M 13 ) = — 8y 2 since we know 
f G (z) = (py(w 2 ) = Ay 2 and hence one might expect that (pjj(x) = Ay 2 
(as opposed to 2y 2 ) purely based on the commutativity of the diagram of 
fibrations and the validity of the analogous statement in our Z p argument. 

However, in order to make this assertion one would need to compute the 
maps (B t )* : H\B GG ) — H\B V ) and (B A )* : H\B GG ) — H 4 (B AG ). 
One can easily use the Kiinneth formula ( ]Sp[ , page 247) to compute the 
low-dimensional cohomology groups of B GG . Unfortunately, for example, 
the spectral sequence of the right-hand fibration G — ► B& G — > B GG is 
rather unwieldy and so the computation of (B&)* : H 4 (B GG ) — ► H 4 (B / \ G ) 
is quite difficult. 
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